Abstract-Mode-dependent loss (MDL) is known to be a major issue in space-division multiplexed (SMD) systems. Its effect on performance is complex as it affects both the data carrying signal and the accumulated amplification noise. In this paper we propose a procedure for characterizing the MDL of SDM systems by means of standard measurements that are routinely performed on SDM setups. The figure of merit that we present for quantifying MDL incorporates the effect on the transmitted signal and the noise and is directly related to the spectral efficiency reduction. , a workable characterization of MDL in a way that relates an easily measurable parameter with the corresponding effect on system performance is not available yet. A major issue in the case of SDM systems is the very definition of a single MDL parameter. While in the case of single-mode fibers the magnitude of MDL is fully characterized by the power-ratio between the least and the most attenuated states of polarization, in the multi-mode case a multiplicity of parameters is required to unequivocally quantify the magnitude of MDL. In this case, the obvious extension where the MDL is quantified by the power ratio between the least and the most attenuated states in the hyperpolarization space (which consists of all spatial and polarization modes), is incomplete and cannot be unequivocally related to performance penalty. In this paper we introduce a simple and efficient approach for quantifying the effect of MDL, which is based on the definitions of a MDL vector Γ and noise degree of coherency vector Γ ′ , which will be introduced later in this paper. We look at the reduction in spectral efficiency caused by MDL in the case where the mode-averaged signal and noise powers at the receiver are specified. We show that in the regime of small to moderate MDL, the MDL-induced reduction in spectral efficiency per mode can be expressed as
I. INTRODUCTION
Mode-dependent loss (MDL) is a fundamental propagation effect responsible for limiting the capacity of spacedivision multiplexed (SDM) systems. Although several studies of this phenomenon have been reported [1] - [4] , a workable characterization of MDL in a way that relates an easily measurable parameter with the corresponding effect on system performance is not available yet. A major issue in the case of SDM systems is the very definition of a single MDL parameter. While in the case of single-mode fibers the magnitude of MDL is fully characterized by the power-ratio between the least and the most attenuated states of polarization, in the multi-mode case a multiplicity of parameters is required to unequivocally quantify the magnitude of MDL. In this case, the obvious extension where the MDL is quantified by the power ratio between the least and the most attenuated states in the hyperpolarization space (which consists of all spatial and polarization modes), is incomplete and cannot be unequivocally related to performance penalty. In this paper we introduce a simple and efficient approach for quantifying the effect of MDL, which is based on the definitions of a MDL vector Γ and noise degree of coherency vector Γ ′ , which will be introduced later in this paper. We look at the reduction in spectral efficiency caused by MDL in the case where the mode-averaged signal and noise powers at the receiver are specified. We show that in the regime of small to moderate MDL, the MDL-induced reduction in spectral efficiency per mode can be expressed as where C is the spectral efficiency of the actual link, and C 0 is the spectral efficiency of a perfect link where the received SNR equals the ratio between the mode-averaged signal and noise powers, N is the number of spatial modes and 2N is the total number of modes including polarizations. Throughout this paper the spectral efficiency is extracted assuming an additive Gaussian noise channel with no channel state information at the transmitter [5] . The quantity Γ 2 is the square length of the MDL vector Γ and it can be extracted from the channel transfer matrix T according to
where I is the 2N × 2N identity matrix. The term Γ ′2 is the square length of the noise coherency vector Γ ′ and it can be obtained from the same expression (2), with TT † replaced by the noise coherency matrix Q. In Sec. VI we propose a simple method for extracting these quantities from experiments, without necessitating the knowledge of the full matrices T and Q. Note that in the absence of MDL, where the channel transfer matrix T is unitary and the noise coherency matrix Q is proportional to the identity, Γ 2 = Γ ′2 = 0, and hence C = C 0 , as expected.
It is important to stress in this context that accounting for the non-isotropy of the accumulated noise (which is captured by the deviation of Q from a constant times the identity) is critical when considering the system impact of MDL. For example, if one modeled the noise as if it were generated at the fiber input, the noise would experience the same MDL as the signal and there would be no reduction in spectral efficiency (in this case Γ ′ = Γ). Conversely, if the noise were assumed to be produced only at the fiber end (which is equivalent to assuming that the received noise is isotropic [2] , [4] ) then Q is proportional to the identity and Γ ′ = 0, so that the reduction in spectral efficiency would be overestimated considerably. The MDL-induced spectral efficiency reduction given in Eq. (1) is general in the sense that it does not rely on any assumptions regarding the character of mode coupling, or its statistics. In the regime of strong coupling (as assumed in [2] ), we show in what follows that Γ ′2 = 1 3 Γ 2 , and the average spectral efficiency reduction per mode simplifies to
smaller by 2/3 than what would follow if isotropic received noise were assumed. In this regime Γ 2 can be related to the more familiar mean MDL parameter in decibels, as we show in Sec. IV-C (see Eq. (32)). However this relation is not very convenient as it depends on the number of supported modes. Finally, since MDL can be considered ergodic in frequency [6] , and since the MDL correlation bandwidth is expected to be significantly narrower than the transmission bandwidth in optical fibers [3] , the overall MDL-induced capacity reduction per mode is obtained by multiplying Eq.(3) by the WDM bandwidth. In what follows, we formulate the general theory of mode-dependent loss in multi-mode fibers and obtain Eqs.
(1)- (3), which relate the MDL parameters to the information capacity of the link. The paper is organized as follows. In Sec. II we rigorously define the vectors Γ and Γ ′ as well as other relevant quantities, and relate them to the channel capacity. Section III is devoted to the formulation of the equations governing the evolution of MDL and the noise degree of coherence. In Sec. IV we apply our results to characterize the relevant regime of small MDL in conjunction with strong mode coupling. In Sec. V we validate our analysis by comparison of the theoretical results with computer simulations. In Sec. VI we propose a simple method for measuring Γ and Γ ′ in SDM systems. Finally, Sec. VII is devoted to conclusions.
II. CAPACITY OF MDL-IMPAIRED SYSTEMS
Our analysis relies on the generalized Stokes representation of multi-mode propagation whose details have been presented in [6] . The main idea is that any Hermitian matrix H of dimension 2N × 2N , can be conveniently expanded in a basis consisting of 4N 2 − 1 matrices Λ j to which we refer as the generalized Gell-Mann matrices supplemented by the Identity I, namely H = h 0 I +
4N
2 −1 j=1 h j Λ j , where the coefficients h j (j = 0, . . . , 4N 2 − 1) are real-valued. A convenient shorthand notation for the same expansion is H = h 0 I + h · Λ. The properties of the matrices Λ j have been discussed at length in [6] . Most relevant for the analysis that follows are Trace(Λ j ) = 0 and Trace(Λ j Λ k ) = 2N δ j,k (here δ j,k is the Kronecker delta), which imply that
where by h we denote the modulus of the vector h. We consider a system in which the relation between the transmitted and received fields is given by
where we use underscores to denote 2N -dimensional column vectors and bold-face letters to denote matrices (of a corresponding 2N × 2N dimension). The components of r are the received electric fields in the various SDM modes, T is the transfer matrix of the entire channel, x is the vector of transmitted electric fields and n is the noise fields vector. The noise vector is assumed to be Gaussian and its coherency matrix is denoted by Q = n n † . The spectral efficiency of a system defined by Eq. (4) is given by [5] 
where S is the average power transmitted in each of the components of x. In the limit of large signal-to-noise ratio, which is appropriate in most cases of practical interest, one can approximate det
Since both TT † and Q are Hermitian, they can be expressed as
where Γ is what we call the MDL vector and Γ ′ describes the effect of MDL on the coherency matrix of the noise. In the single-mode case [7] , [8] , its modulus is the degree of polarization (DOP) and hence we refer to it in what follows as the noise degree of coherence (DOC) vector [9] . The scalars γ 0 and γ ′ 0 are the mode-averaged loss of the SDM system, and the mode-averaged power spectral density of the noise at the link output. Given the matrices T and Q, the components of the vectors Γ and Γ ′ are obtained through
whereas the scalars γ 0 and γ
III. THE EVOLUTION OF MDL AND OF THE NOISE COHERENCY MATRIX
We now derive the equations governing the evolution of the vectors Γ and Γ ′ , as well as the scalars γ 0 and γ ′ 0 , which we subsequently apply to the regime of strong mode-coupling in order to obtain Eq. (3). We start by expressing the evolution equation for the transfer matrix T describing linear multimode propagation in a generic fiber
where β 0 (z) and α 0 (z) are the mode-averaged propagation constant and loss coefficient, respectively. The term g(z) represents mode-independent amplification provided by in line amplifiers along the link. The real valued (4N 2 − 1)-dimensional vectors β(z) and α(z) are, respectively, the generalized birefringence vector introduced in [6] and the local mode-dependent loss vector, which we introduce here. In the single-mode case, α(z) reduces to the local PDL vector, whose properties are discussed in [10] . Defining γ = γ 0 Γ and using Eq. (8) we obtain
where the square brackets [A, B] = AB − BA denote the commutator of two matrices and the curly brackets {A, B} = AB + BA denote their anti-commutator. To proceed we need the commutation and anti-commutation properties of the Gell-Mann matrices Λ j . The hermiticity of these matrices implies that they have a skew-Hermitian commutator (i.e.
) and a Hermitian anti-commutator
Hence they can each be represented as a linear combination of the matrices Λ i ,
with the vectors f jk and q jk having real-valued elements, which are known in the group-theory jargon as structure constants [11] . They are determined by the particular choice of Gell-Mann matrices and are given by
For any two vectors a and b, one can define the generalized cross-product and the o-dot product as follows
In the context of multi-mode propagation, the cross-product has already been used in [6] and it has the intuitive features of the familiar cross-product of three-dimensional vectors (to which it reduces for N = 1). In particular;
The o-dot product has been proposed in [12] . It is symmetric in the sense that a⊙ b = b⊙ a, and it reduces to the zero operator when the vectors a, b are three-dimensional, namely for N = 1. The cross and o-dot products of Eqs. (14) and (15) can be used to arrive at the following relations [6] , [12] [
which, when used in Eq. (9), yield
The evolution equation for Γ is readily extracted from Eqs.
(18) and (19) and it is given by
In the case of a single-mode fiber N = 1 and α⊙ Γ = 0, so that Eq. (20) reduces to the familiar equation for the PDL vector [13] . In this case, the equation is symmetric with respect to the sign of α, in the sense that if Γ(z) is a solution of Eq. The evolution of the noise spectral density γ ′ 0 and the DOC vector Γ ′ is obtained by using a similar procedure. The electric field vector of the noise evolves according to
where s(z, t) accounts for additive spontaneous emission noise. We model s(z, t) as white noise in space. Its components satisfy s n (z, t)s *
, where the temporal correlation function R(t) is determined by the receiver frequency response, which we may assume to be matched to the signal. Defining γ ′ = γ ′ 0 Γ ′ , the equations for γ ′ 0 and γ ′ are obtained by differentiating n n † and by using Eq. (21). This procedure produces the equations
where B = R(0) is the effective noise bandwidth. The equation for Γ ′ follows from Eqs. (22) and (23) and is given by
Equations ( 
IV. THE REGIME OF SMALL MDL

A. Capacity
In the regime of small MDL (Γ, Γ ′ ≪ 1), Eq. (5) can be approximated as
where we have used the relation log 2 [det (X)] = Trace {log 2 (X)}, as well as the fact that the determinant of a product is the product of the determinants. The first term on the right-hand side of Eq. (25) to the capacity of a perfect link with received signal power Sγ 0 and noise power γ ′ 0 , which we denoted in Eq. (1) Fig. 9a of [1] can be conducted only in the case where a large number of sections, each having small MDL, is considered. In this region the results shown in [1] are in agreement with Eq. (1). Note, however, that many of the data points shown in Fig. 9a of [1] correspond to very large MDL per section, translating into extremely large link MDL (up to 80dB in power ratio between the least and the most attenuated hyper-polarizations). In this case the number of effective modes reduces considerably and a good match with the theory for small MDL presented here should not be expected.
B. Dynamic equations
In the limit of small MDL, all quantities are evaluated to first-order in the MDL vector α, and all higher order terms (which involve dot and o-dot multiplications of α with Γ or Γ ′ ) are neglected. In this regime, a single amplified span can be approximated as an increment dz in the solution of the evolution equations, or equivalently, amplification can be viewed as distributed. The value of g depends on the amplification strategy, and will typically be slightly smaller than α 0 , so as to maintain a constant output power across all modes and frequencies. When this is the case, the difference α 0 − g can be shown to be of the order of Γ 2 , which means second order in MDL, and hence we ignore it in what follows (i.e. we set g = α 0 ).
Solving Eqs. (20) and (24), respectively, represent generalized rotation of the vectors Γ and Γ ′ about the vector β(z) in the 4N 2 − 1 dimensional space [6] . These terms disappear by assuming a rotating reference frame [14] described by the matrix R(z) satisfying
with the initial condition R(0) = I and where the expression β× should be interpreted as the matrix returning the product β × v when applied to vector v. Denoting vectors expressed in the rotating reference frame with a tilde, namely v = R˜ v, Eqs. (20) and (24) reduce to
whose solutions are readily shown to bẽ
C. The regime of strong mode coupling
We now focus (as in [2] ) on the relevant regime of strong coupling [6] , [15] , which is characterized by fast and rapidly changing β, inducing similarly rapid rotations upon the vectors α. In this situation α can be modeled as a delta-correlated noise, and the averages of Γ 2 and Γ ′2 can be readily calculated from the solutions of Eq. (27), with the result Γ ′2 = Γ 2 /3. Equation (3) follows from the substitution of this result in Eq. (1) .
A quantity which is often used as a figure of merit in MDL analysis is the power ratio between the least and the most attenuated states of hyperpolarization, which is given by ρ dB = 10 log 10
where λ max and λ min denote the largest and smallest eigenvalues of Γ · Λ, and where the second equality holds in the regime of small MDL. Following the arguments presented in [6] regarding the largest eigenvalue difference, the probability density function of ρ dB is well approximated by a chi distribution with a shape parameter K N = 3 + ⌈10.39(N − 1) 1.36 ⌉ and a mean-square value of 
This allows us to relate the average spectral efficiency reduction per mode caused by MDL (3) with the mean-square MDL expressed in logarithmic units,
As it is customary to refer to the mean MDL, as opposed to the root-mean square MDL that we used above, we provide the relation between ρ dB and Γ 2 ρ dB = 10 ln(10)
where we denote the Gamma function by "Gamma(·)" to avoid confusion with the modulus of the MDL vector Γ.
We stress that the analysis presented here is in accord with our claim in the introduction of this paper, challenging the suitability of ρ dB in representing the effect of MDL in a satisfactory manner. First this is because an unequivocal relation between the capacity reduction and ρ dB (as in Eq. (32) ) is only available in the regime of strong coupling, and even then it depends on the number of modes.
V. NUMERICAL VALIDATION
In our numerical procedure we concentrate only on the strong mode-coupling regime, where the MDL vector is isotropically distributed and hence the effect of birefringence (which introduces pure rotations in the generalized Stokes space) does not affect the MDL vector statistics, and need not be simulated [16] . We consider a link consisting of M = 100 amplified spans, each characterized by a local MDL vector α j with j = 1, . . . , M . Each vector α j is independently drawn at random from an isotropic Gaussian distribution with the value of α 2 being a parameter. We then generate the transfer matrices A j = exp( 1 2 α j · Λ) that represents the effect of MDL in the j-th span such that the overall transfer matrix is T = M j=1 A j . The noise coherency matrix is given by
where N 0 is a parameter representing the noise strength, and where T k = M h=k A h is the system transfer matrix from the beginning of the k-th section to the end. Since N 0 does not affect the difference between the capacities with and without MDL, its value is immaterial and we arbitrarily set it to one. For each value of α 2 we generated 1000 random fiber realizations obtaining the matrices T and Q and evaluating Γ, Γ ′ and the corresponding spectral efficiency C in each realization using Eq. (5) for large signal-to-noise ratio.
In Fig. 1 we show the average MDL in decibels ρ dB as a function of the root-mean square value of Γ for different values of the number of modes N = 2, 4, 6. The top horizontal axis shows the corresponding values of the mean square value of Γ, in order to facilitate the comparison with subsequent figures. For each value of N the simulations, whose results are shown by symbols in the figure, were performed for several values of α 2 , so as to explore a meaningful range of mean MDL values. The agreement with theory is self-evident. We note that even in the case of strong coupling, where the average MDL in decibels can be related to the average system penalty (Eq. (32)), the dependence on the number of modes N makes this relation less transparent. In the general case such a relation does not even exist, thereby disqualifying ρ dB from being a meaningful parameter for characterizing MDLimpaired systems. In Fig. 2 we test the validity of Eq. (1) by plotting the reduction of spectral efficiency per mode as a function of the difference Γ 2 − Γ ′2 . The symbols correspond to individual realizations of the systems that were used to extract the averaged quantities of Fig. 1 . The accuracy of Eq. (1) is evident in the entire range of simulated MDL values.
Finally, in Fig. 3 we demonstrate the accuracy of Eq. While the two MDL parameters Γ and Γ ′ can be extracted from the channel transfer matrix T and from the noise coherency matrix Q, it would be desirable to establish a simpler technique for their extraction that does not require the knowledge of T and Q. A possible scheme of principle is illustrated in Fig. 4 . Since Γ ′ only depends on the amplification noise statistics, its measurement is performed in the absence of an input signal. The overall noise power P n (t) (in all the modes) is measured at the link output. The value of Γ ′ can be extracted from the normalized variance of the measured noise power via the relation
which can be shown to follow from the Gaussian statistics of the received noise. The other parameter, Γ, is measured by the exact same procedure, except that a strong thermal source (such as amplified spontaneous emission from a standard amplifier) needs to be injected into the system. The injected noise should excite all fiber modes equally and it must be much stronger than the amplification noise that is accumulated along the link. In this case Fig. 4 . Proposed scheme for the measurement of the two MDL parameters Γ and Γ ′ . The measurement of Γ is performed with no signal at the system input, whereas for the measurement of Γ ′ , a strong filtered ASE source is used as input.
Of course, in order to avoid undesirable averaging, the reliable extraction of the power samples requires that the received waveform be optically filtered with a bandwidth that is smaller than that of the subsequent photo-detection apparatus. The filter bandwidth should also be small relative to the modal dispersion bandwidth [6] , in order to avoid frequency averaging of the measured MDL parameters.
VII. CONCLUSIONS
We introduced a new approach to study MDL in spatially multiplexed systems. The key elements in this approach are the MDL vector and the noise degree-of-coherency vector, whose lengths are related in a simple form to the MDL-induced capacity reduction. These vectors can be readily extracted from measurements of the channel impulse response and noise coherency matrix. In the case of strong mode coupling, the capacity reduction comes down the mean-square length of the MDL vector divided by 3 ln (2) .
In this paper we have studied the effect of MDL on system capacity reduction, while conditioning on the mode-averaged signal and noise powers. In practice it should be noted that these quantities are also affected nontrivially by MDL in a way that depends on the amplifiers' operation mode. The consideration of this effect is outside the scope of this work and will be left for future studies.
